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FOREWORD

lhi s , -nter --or- is one ofaseis of digii..omucr rnrm
developed as in-house effort in sunnort of tne Snace Vehicle Thermal and
Atmosnheric Control Study. The study is snonsored by the Flight Dynamics
Laboratory of the Research and Technology Division under Contzacr AF33(6S7)-
SCS3 and is undor the .!irec,;n of 11. Ilhl of the Environmertal Contro. Branch,
R. F. Sexton of S6TD served as Project Manager of the study rogran. II. ;,,
Nordwall. reviowed1 and editad the contator's rcrort fOr r-ablication as n
FDL TDR.

The program described in this renort represents the second stage in the
develonrent of a general configuraticn factor comnuter program. This report
oartly incorporates SID 62-393 (ASD TN 61-101), which describes CONFAC I
the first program develoned under the Snace Vehicle Thermal and Atmosnheric
Control Study.

This report way also be identified lo Contractor's Renort No. SID 63-1397.



ABSTRACT

A si-mPl m..crical method is derived for the determination of the geometric
radiant-interchange factors used in radiant heat transfer and illumination. A
FORTRAN 11 digital computer program utilizing this method is developed which
provides a rapid and accurate mcans of computation of configuration and form
fact .rs. The source of fiuA. m,, be any general plane polygon a,'J the recciver
may be any general o]ane or nonplanar polygon, the surface of an arbitrary
polyhedron, or an arbitrary combination of such surfaces.

It is therefore possible to accurately determine configuration and form
factors from a plane surface to another surface occluded by complex interven-
ing surfaces. Fom factors are computed rapidly -- averaging less than two
seconds on the IBM 7094 for simple, unobstructed plane surfaces, and less than
30 seconds for simple polyhedra. Also, means are provided to inte nally
generate a variety of regular polygons or polyhedia and to transform surface
spatial coordinates for convenience of data entry and/or motion simulation.
Simplicity of data entry, flexibility of application, and economy of operation
are principal features of this program. Sample problems illustrating these
important aspects are provided.

This report has been reviewed and is approved.

Asst. for R&T
Vehicle Equipment Division
AF f1ight Dynamics Laboratory
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NOMENCLATURE

A Area

e Exchange coefficient

rConfiguration factor (italicized)

f Form -"zr kitalicized)

h,k,l Translation components

i,jk Unit vectors along the X-,Y-,Z-axis, respectively

0 Center of unit sphere, origin of coordinate systcm

R Radius of sphere

S Distance between two areas

X,Y,Z or Spatial coordinates of a point relative to X, Y, Z axis
xPyZ

'Doty Direction angles of a line relative to X, Y, Z axis
respectively

y Angle between Z axis and vect." normal to plane

0 Angle betweer tvo vectors

1Numerical :onstant = 3.14159 +

W Solid anule

Subscripts

A,B,C Points on an area

t Sector

A Finite incremental arza

dt Differential area

dA-A From a differential area to an area
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Subscripts (cont'd)

1,2, Areas 1,2,

12 Area 1 to area 2

C Ellintical
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SECTION I

INTRODUCTION

The geometric form factor, f12. is defined as the fraction of radiant
energy emanating from finite surface A, which is intercepted by another
surface A2.

f Flux received by finite surface A2
12 = Flux emitted by finite sur ce A, M

The geomctric con1f:guration factor, . is defined in a similar manner,
except that the emitting surface is infinitesimal, (sometimes referred to
as the point configuration factor),

Flux received by finite surface A212 = Flux emitted by infinitesimal surface dAl (2)

The subscripts denote the direction of flow of net flux; 412 and f12 pertain

respectively to the configuration and form factor from surface Al to surface
A2. It is assumed that each surface is isothermal and radiates diffusely,
i.e., follows Lambert's cosine distribution law.

The "closed-form" determination of the configuration or form factor by
classical integration techniques is impossible or impractical in most situa-
tions. Experimental techniques and devices have been reported in the litera-
ture (Reference 1), and probably the most useful is Pleijel's Globoscope
(Reference 4). Experimental techniques produce only the configuration factor
however. Nonetheless, they are useful for many applications where only one
or just a few configuration factors are required and nominal accuracy is
sufficient.

However, if a large number of form factors are required in a short
period of time, experimental techniques are not practical. This report pre-
sents a numerical method and a computer program which enables rapid and
accurate computation of config:,ration and form factors between plane sur-
faces, and plane or solid surfaces. The source (surface 1) may be any general
plane polygon; the receiver (surface 2) may be any arbitrarily oriented
general plane or nonplanar polygon, the surface cf an a:hitrary solid, or an
arbitrary combi;,ation of planes, n.uplanes, or solids. Form faci.Crs (which
nominal.y are derived from b25 configuration factors) are com,,bted rari~ly,
averaging less than 2 scconds by IBM 7094 tine Por simple plane surfaces,
and less than 30 seconds from simple plane suritces to simple solids. Table 1
compares solutions obtained by CONFAC II to t.-se given in Reference 1.
Hanuscrint released by the author January 1964 for nublication as an FDL tech-
nica! Documentary Renort
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Table 1, Comparison of Configuration and Form Factors Computed
by CONFACII to Those Given in Reference 1

Computer (Trapezodial Rule)

Configuration Reference 1 24 x 24 grid 60 x 60 grid

P-l, X =: 0.13853 0.138532 0.138532
X = 0.1, Y = 0.1 0.00314 0.003141 0.003141
X = 1, y = 4 0.17527 0.175270 0.175270
X = 0.1, Y = 0.4 0.01147 0.011471 0.011471
X = 1, Y = W * 0,17678 0.176777 0.176777
X r 0.1, Y = - * 0.02488 0.024876 0.024876

P-2, 0 = 30, L = 0, N = 1 0.4665 0.466506 0.466506
0= 3)# L - 1, N = 1 0.1759 0.175923 0.175923
0 = 30, L 0, N = 4 0.4665 0.466506 0.466506
0 = 300, L 4, N = 4 0,0964 0.096447 0.096447
0 = 120*, L = O N = 1 0.125 0.125000 0.125000
0 = 1200, L 1, N 1 0.0236 0.02354 0.023S54
0 1200, L 0, N = 4 0.125 0.125000 0.125000

= 1200, L 4, N = 4 0.0077- 0.007683 0.00768-

1,*P-6 E = 1, D =1 0.276 0.275 ---
E = 1, )= 2 0.438 0.436 ---
E = 1, D = 0.500 0.498
E = 2, D =1 0.724 0.722 ---
F = 2, D =- 0.800 0.799 ---

**P-8, D = 4, L 2 0.08074 0.08055 ---
D = 2, L 4 0.24774 0.2472 ---

A-1, X = 1, Y 1 0.19982 0.19972 0.19981
X = 0.1, Y 0.1 0.00316 0.00316 0.00316
X = Is Y 4 0.34596 0.34559 0.34590
X = 0.1, Y = 0.4 0.01207 0,01207 0.01207
X = 1, Y = W * 0.41421 9.40549 0.41075
X = 0.1, Y = - * 0.04988 0.04884 0.04946

A-2, 0 = 30, L = 1, N . 1 0.6202+ 0.61769 0.61878
0 = 300 L = 4, N = 4 0.3961+ 0.39431 0.39450
0 = 120&, L = 1, N = 1 0.0870+ 0.08665 0.08662

= 120', L = 4, N = 4 0.0433+ 0,04272 0.042T5

• 108 was assumed to approximate - f£r computer run

•* 32 sided regular polygon used to simulate circular cross-section

+ These values were obtained by numerical integration across surface A1 ,
according to Reference 1
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The FORTP II Computer Program described herein, CONFAC II, is a
follow-on development of an earlier version, CONFAC I (Refer~--e 5). The
original program has been extensively modified and significant improvements
in the flexibility of application have been achieved. CONFAC I was developed
principally to compute geoietric form factors between plane surfaces; no
application to nonplanar surfaces or bodies was originally intended. However,
because of the -particular analytical apnroach utilized and the data handling
techniques developed, it was possible to use the basic plane-to-plane program
to compute factors to nonplarar surfaces, provided proper restrictions were
observed.

The principal similarities and differences between CONFAC I and CONFAC Ii
are as follows:

1. Both CONFAC I and CONFAC II require that Surface 1 be a plane
polygon; it may be arbitrarily oriented in the coordinate system
in which it is described (entered) in data.

2. Both CONFAC I and CONFAC II specify that if Surface 2 is a plane
polygon, it may be arbitrarily oriented with icspect to Surface 1
and within its own coordinate system.

3. Both CONFAC I and CONFAC II require that, if Surface 2 is a non-
planar surface, then the surface boundaries must presont a valid
silhouette from any point on the active side of Surface 1.

4. CONFAC I speciFie. that no part of nonplanar Surface 2 may lie
below the "horizcn" of Surface 1 when viewed from the active side
of Surface 1. CONFAC II does not require that all of a nonplaitar
Surface 2 appeak above the horizon of Surface 1. CONFAC II will
automatically bisect a nonplanar Surface 2 and comnute the factor
to only the part which Surface 1 "sees."

S. CONFAC I cannot, in general, be used to compute the factor to a
solid surface. CONFAC II will compute the factor to arbitrary
solid surfaces or regular solids such as parallepipeds, cylinders,
cones, etc., with the restriction that all of the surface must
appear above the horizon of Surface 1. CONFAC I cannot, in general,
be used to compute faciors to surfaces which are occluded or
"shadowed" in a varying manner by intervening surfaces; on the other
hand, the factor in such instances can be determined by CONFAC II
with few restrictions.

6. CONFAC I has only two principal classes of data -- surface data and
ltrface transformation data. No distinction of dibta entry is made
between plane and nonplane surfaces. Surface data is d!3tinguished
from transformation data by the position of the data name on the
data name card. CONFAC II, however, utilizes nine data classifica-
tions, as follows:

3



Class 1 - Plane polygon, silhouette developed directly from data

Class 2 - Nonplane polygon, silhouette developed directly from data

Class 3 - Internally generated disk, silhouutte developed divectly
from generated data

Class 4 - Plane polygon, silhouette internally develoned

Class 5 - Ncnpiazne surface or solid, silhouette intn:ially developed

Class 6 - Internally generated regular disk or solid, silhouette
internally developed

Class 7 - Sphere

Class 8 - Multisurface, silhouette internally developed from all

surfaces taken together

Class 9 - Transformation data

7. CONFAC II incorporates a silhouette generator subroutine which is
utilized when the factor to solids or, in certain cases, to non-
solids is requested. The silhouette generator computes the ner-
spective of Surface(s) 2 from preselected positions on Surface 1

from which configuration factors are comnuted,

8. CONFAC II incorporates an internal automatic surface generator

which computes the surface boundary coordinates of regular plane
and solid surfaces from input data specifications. This feature
enables the analyst to create surfaces such as circular or ellipti-
cal disks, parallelepipeds, pyramids, cones, truncated coneb, cylin-
ders, etc. An endless variety of regular surfaces can be created

by CONPAC II.

9. CONFAC II incorporates extremely fast computation of factors to a

sphere which is arbitrarily oriented with respect to Surface 1.

4



SECTION !1

ANALYTICAL PROCEDURES

CONFIGURATION AND FORI FACTOR

The general enuation that must be solved in the determination of the
radiant-interchange foin facto, is (see Figure I)

S1 ( r CC cos e cos e 2 dA 2dA1l2z ~A JJA2f1 J J A A_ S2  (1)

The following part of the integrand is the factor from the elenental surface
dAI to the total surface A?, referred to as the configuration factor or
plane point factor, 012"

C S cos el cos 02612 A2  S2  dA2  (2)

Therefore,

12 XSS A 12 dA (3)
S12

A very simple geometric interpretation of Equation 2 is given by Nusselt.
The principal value of the Nusselt concent is that the computational proce-
dure is simplified and made more accurate by the fact that no mathematical
or nuimrical integration is required to compute the configuration factor. How-
ever, the Nusselt method yields only the configuration factor from the ele..
mental area dAp; one must still integrate all such factors over surface A1
to yield the form factor f2 as given in Equation 3.

The Nusselt concept utilizes a hemisphere of radius R constructed over
the incremental plane area dA1 , as shown in Figure 1. Every point defining
the boundary of surface A2 is projected radially to the hemisphere surface

and then vert-ally downward to tlhe plane of dAi: the equatoi-l. plane of
the hemi .phure. The locus of all points thus projected enIoses an area,
A"2 , c-s., hadsnhere bases This area A"2 , divided by the area of the
base, is the configuration factor from dAl to A2.
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The validity of this conclusion can be demonstrated as follows. Note
that the elemental area dA2 is described in surface A2 by the elemental
solid angle dwl, or

O I=Cos2 dA (4)

Similarly, on the sphere having radius R,

dA2'

k I Ry (5)

Because dA2 is the projection of dA2 on the heuisphere base,

dA 2 = dA (6)

Inserting Equation 6 in Equation 5,

dw1  2 8 (7)R2cos 0 1

The right side of Equation.4 appears eYniicitly in Equation I and, because

Equation 7 is identical to Equation 4, Equation 2 becomes

2C A2 0
12 = ffA 2  r c2c os 81 ..A =A .R-

For a sphere of unit radi-s (unit sphere),

1 2  (8)

which completes the proof of Nusselt's method. By inserting Equation 8 in
Equation 3, t'.z original equation becomes greatly simplified- only one area
intoration is now required.

fI2= iJ A 2 dA1  (9)

7



The computer program described herein solves Equation 9 numerically
by successive algebraic evaluation of A2 at preselected points on Surface
Al, with subsequent numerical integration to yield f12, or

1A f=-- M1  (10)f12 -IT A A

Al

It should be c.. d that area A" is, in fact, fC-.-M by thu doubly
projected silhouette of surftce A2 as it appears from dA1 .

The element dA1 is assumed to be oriented in the XY plane and at the
origin of the coordinate system of Surface A . The area A9 can be found
from the line iptegral where y, = F(xl) is tRe locus of the boundary of A2,

A2  -"-- (xl dyl - Yl dxl) (11)
C

Let z = F(x.y) be the locus of the silhovette of A,, and S the distance from
dAI to the point (xy,z) on the silhouette of A2.

Fram similar triangles,

..,.=., dx 1 .L dx + x4.

7" 1
Yl= ," - I~ =,- dy + y d

Inserting in Equation 11

" 1 f xdy - ydx
A2 ' S2  (12)

Equation 12 can be transposed to finite difference form by replacing
the differentials with increments for numerical evaluation. Becausc of the
problems of increment size control, it appeai6 desirable to solve Equation
12 for a fin:te line segment in space and to allow the analyst to control
accuracy of configuration factor computation by suitable selection (,f line
sepments describing Surface 2, If tbo surface is actually a polygon or noly-
hedra, the simulation is perfect; if the surface boundary is curved, like a
disk, for example, the validity of the result is a function of the number
of line segments used.

8



However, a much simpler and more easily understood geometric d, riva-
tion, using the unit sphere, yields the result in superior computationa;

form. Referring to Figure 2, note that the radial projection of line seg-
ment AB on the hemisphere surface forms the circular arc AB'. Projection
of A'B' to the base plane produces the elliptical arc A"B", forming the
elliptical section A -B" with tha origin.

If all line segments describing Surface 2 are similarly projected,
the area A" wiil be foimed by a closed series of elliptical arcs. Surface
A does not have to he . Actually, the area A2 resu:tq from the
geometry of a silhouette; any surface or object projecting sn identical
silhouette in the same spatial position on the hemisphere surface will pro-
duce the same area A2 and the same point factor.

nspection reveals that the magnitude of area k2 can "e determined
by comI, ing the area of each elliptical sector, properly signed, followed
by an alg, raic summation.

In Figure 2, the area of elliptical sector Ac is the projected area
of circular sector As. If the angle between the plane of the circular
sector AtOB' and the XY plane is y, then

AC
c's y = As(3

The area As is computed from the usual polar equation, with 0 in radians,

1

As = 7 RZ0

For the unit radius sphere,

As = 2 (14)

Substituting Equation 14 in Equation 13, and solving for A.,

0
Ac = -+- cos y (15)

For a plygm, ,f N sides, the net area A2 is found by algebraic summation
of all computed A€.

9
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N

A2 = 4 n crsYn (16)

n=l

Substituting in Equation 8, we have

N

- (17)

n=l

A general analytical derivation of this equation is given in Reference
3, and is reported to be originally developed by Omoto in 1924.

The absolute value notation will be explained later. Thc use of vector
algebra greatly facilitates the computation of 0 and cos y. Taking, for
example, directed line segments of OA and 6B, the vector dot product is

0 4.
OAOB = XAXB + YAYB + ZAZB (18)

The cross product OA x O"B in determinant form is

i j k

OA x OB XA YA zA

XB YB ZB

which, upon expansion, becomes the normal vector VN,

VN = OA x O = (YAZB - ZAYB)i + (XBZA - ZBXA)j + (xAYB - xBYA)k (19)

where i, j, and k are mutually orthogonal unit base vectors directed along
the principal axes.

-
VN is equal in magnitude to twice the area of the triangle AOB and

is oriented normal to the plane of AOB so that the three vectc-, form a
righc-handed system. The magnitude is comnuted by the Pytt:inorepn thporem,



II = (YAZB ZAY)
2  (XBZA - XAZB) 2+ (XAYB - XBYA)2  (20)

The angle 0 may be evaluated from either the dot or the cross Product by
use of inverse functions, specifically

r -I 11
0== cc's i __T or si L, i

!!owever, an overalL economy of computation results from the use of the

arctan function,

0 = tan-1 [' (21)

As noted earlier, the angle y is defined as the angle between the
plane of AOB and the XY plane. It is also the angle between the vectorTN

and the Z axis; cos y is therefore the direction cosine of N with respect
to the Z axis. Using the Z component in Equation 19.

xAyB - xBYA

os ' I 1 ' (22)

If the numerator and denominator are both divided by 2,

xAYB - xBY A

cos Y =

This shows that cos y is also equal to the ratio of the signed Projected area
of triangle AMB on the XY plane and the plane area of triangle AOB.

In the right-handed system shown, cos Y is positive when the order of

computation of the vectors in the cross product causes the normal v:xor VN
to point in the direction of the +Z axis (O<Y<90). The order in which one
proceeds from Point to point on the boundary of S!3rfaco 2 wilL sign each
elliptical sector accordingly; however, because the secLor are sunn.
algebraically, the same absolute magnitude will result regardless of order,
Because the point factor is always a positive number, the order is comnuta-
tionally unimportant. Nevertheless, the program requires that data be
entered in counterclockwise order for other reasons. This will be dis-
cussed in more detail later.

12



The relative ease with which the point factor can be computed is best
illustrated by an example. Using the triangle shown in Figure 2, and start-
ing with line segment AB, from Equation 18

JA OB = 1 + 3 + 9 = 13

fro. Equation 20

'I = 10- x OBI=. 16)2 0.+ (2 )2 =V -

From Equation 21

BAB = tan-1 [ ] A0.453

From Equation 22

2
cos YAB = = 0.316

Moving to BC,

OB .* = 3 + 3 + 9 = IS

i B I + 62 + (8)

e [/-]= 0.661

cos YBC -0.686

13



Finally, line segment CA,

OC * OA = 3 + 1 + 9 = 13

2' 2vVA 6 + + (-27 zo

CA 1 ,-4/40V 0.4532

coS YCA . 0.316

The configuration factor is, therefore, from Equation 17,

C12 = 11 2(0.453)(0.316) + (0.661)(-0.686)

1
_- -0I...167J

12 0.0266

Note the repetitive nature of the computation. Thus, all surfaces
represented by straight line segments in space can be analyzed in the simple,
direct manner shown.

COORDINATE TRANSFORMATION

The task of computing factors, even when simnle "closed-for'" solutions
are available, is oftentimes laborious because the surfaces under considera-
tion appear in difficult, skewed relative positions. A significant nart of
this effort has been eliminated by the program through the canability of gen-
eral coordinate transformation (translation and/or rotation).. Surface data
may be entered for each surface using an individually convenient local origin.
The surfaces may then be linked together by transforming one or both surfaces
to a copven ma third origin which is common to both surface€, The fact that
internally generated surfaces may also be transformed (excluding multisurfaces'
makes this feature a very powerful tool.

14



Actually, two differcnt tynes of coordinate transformation are used by
the program. The transformation discussed in the prior naragranh is termed
a "primary" transformation, and is under control of the user through trans-
formation data entry. The second type of transformation is termed an "auxil-
iary" transformation,and is unaer internal program control only. An auxiliary
transformation transforms the surface coordinates of both surfaces into a new
coordinate system formed so that the XY plane of the c-'rdinate system lies in
the reference plane of one of the surfaces. The reference nlane of a surface
is the plane formed by the first, second and last Point describing that sur-
fa c. The origin of an .xiiary coordinnte system is located at Point i in

the artculr srfae cntrlllg th- transform.-ation. 11Thc X-axis iAs direct-
ed along the line segment formed by points 1 and 2. The surface unit orienta-
tion vector becomes thb Z axis; the Y axis is computed orthogonal to the X and
Z axes, thus locatinR the XY plane in the control surface reference plane.

The auxiliary transformation actually serves two purposes. First, it is
utilized by Subroutine DOICU to facilitate reconstruction of the "seen" part
of surfaces which are not entirely seen by the other surface. Secondly, the
program requires that prior to computation of the configuration factors, Sur-
face 1 must appenr in the XY Plane of the final coordinate system alono with
Surface 2 in its proper relative position. This is necessary to enable Sub-
routine MAP to select points on Surface 1 from which factors to Surface 2 may
be directly computed, or from which silhouettes of Surface 2 may be generated
and factors computed.

For example, suppose Figure 3 represents the surfaces of various items of
equipment appearing in a compartment. The unprimed coordinate system shown may
be conveniently chosen at a corner or axis of symmetry, perhaps as shown on a
mechanical drawing. This system may not be convenient for data entry of the
disk, however. The primed coordinate system with the origin at the center of
the disk is the more logical choice in this case. The previously described
surface generator will generate the disk about this origin. The disk data can
then be transformed from the primed to the unprimed system by a primary trans-
formation. The choice of generating the cube and transforming, or directly
entering data from the unprimod system, is left to the user as it requires
about equal effort both ways. The plate coordinates can bc casily entered
from the unprimed system. Now, suppose we desire the form factor from the
disk to the plate. If the data are entered as discussed above (including the
transformation data), the program will generate the disk and then primary
transform disk coordinates to the unprimed system. Since the disk is bisected
by the plate, an auxiliary transformation of all coordinates, both disk and
plate, will be made fr6m the unprimed to the quad-primed system. Now, that
portion of the disk appearing above the active side of the nlate wilt be de-
termined, and an auxiliary transformation of che plate and the truncated disk
will bo made to the double primed coordinate system, i.e., the reference plane
of the disk. The disk is now in a position for mapping, and the plate coorn
dinates are proper for obtaining the configuration factors. A similar manip-
ulation of surface data would be made to obtain the form factor to the cube
with one exception -no truncation of the disk would occur and the auxiliary
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transformation Lo the double-primed system would occur irmediately after nri-
mary transformation.

The transformation technique utilized for a primary transformatiou, dif-
fers from the customary method whereby "old" coordinates nlus translation
data and direction cosines or Euler angles are supplied, from which a "new"
sot of coordinates are derived. The program requires the coordinates of any
three points (not in a line) measured from the no%: origin. Tlese datz arc then
used to derive direction cosines and translation terms, hy which the old coor-
dinazes are then transformed to the new origin.

The reader may find it easier to visualize transformation in terms of the
movemnt of the surfaces instead of the origins. In the case of the disk,
again referring To Figure 3, we may say we generated the disk with its center
at the origin of the unprimed system and in its XY nlane,.and tben moved the
surface to the position indicated by the primed system. This viewnoint appears
more realistic when motion is simulated by transforming a surface along a Par-
ticular path.

The mathematical treatment of primary and auxiliary transformation is
presented in Appendix C.

SILHOUETTE GENERATOR

As noted in the introduction, CONFAC I cannot, in general, be used to
compute the iorm factor to solid surfaces. Subroutine FACTOR requires a sin-
gle array be made available containing the surface boundary points, and only
those points, which, when taken in nimerical sequence, form a valid siihouuLte
of Surface 2 from a particular point in Surface I. It is impossible to gen-
erally satisfy this requirement with a single innut array if Surface 1 is finite
and Surface 2 is arbitrarily nonplanar or solid. It is the function of the

silhouette generator to determine which points in a given SeL Gf Surface 2 data
form the silhouette from breselected viewpoints on Surface 1.

The silhouette generator computes the silhouette from the Perspoctive of
Surface 2 developed on the Z-unity (Z = +1) plane. The nerspective on the Z-
unity plane is the locus formed in the plane by the boundary of the solid angle
subtended by Surface 2.

For example, the view oi a rube from two positions on the XY plane is
shown in Figure 4. The coordinates of each point in the Z-unity plane are
derived in the following manner from the coordinates of its corresponding
point on the cube. Note the triangle formed by the origin, point 2 in the cibe,
and point Q, the vertical projection of point 2 on the XY plzne. A similar
triangle is constructed from point 2 to point N. From similar trinagles,

ON Z2

1(22)
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In like manner, using triangles RON and SOQ in the ton view,

ON OR NR

Uo = S =0 7badZ 2 =1

but OR = X2, OS Xq, NR Y, QS Y Y2 and
4 422 2 2

Therefore, X2 Z2 1

22 (23)

and similarly,

Y2

2 (24)

This reduction to two dimensions results in considerable simplification.
Given the coordinates (X, Y) and point connections data, it is possible to
determine the line segments forming the silhouette by application of a simple
criterion, At each point on the silhouette, those line segments forming the
largest included angle define the silhouette. For example, at ncint 2' in

the loe siloet Vfj: ALU± 1.- ±a Z - 4 emerge

from the point. Vectors 2 - 8' and 2' - 4' obviously form the silhouette,
and can be numerically selected by applying the criterion.

Figure 5 shows the development of the Z-unity plane silhouette of a
multisurface . In contrast to point D, Surfaces S2 and S3 appear senarated
in the silhouette when viewed from C.

Note the line connecting 4 to 7 . This artifice -a "bridge" line - is
utilized to cause the silhouette penerator to include both surfaces in the
silhouette, otherwise surface S3 would be i(nnred. Because the line hns no
width, it has no effect -n the fsctor comnutation, but the silhouette gener-
ator follows the line as if it were a boundary of the multisurface S2 plus S3.

The distinguishing difference between the silhouettes shown in Figure 4
and Figure 5 is the fact that "crossover" occurs in Figure 5. The silhouette
at a crossover is formed by intersecting line segments at a point between line
segment extremities. The detection of such intersections, and the comnvtation
of the coordinates of the intersection, requircs considerable analysis with
resultant inT:nasod computer time. Because of this, silhouet+. analysis is
terned "siiple" if no investigatinn is made by the silhouette generazr to
detect crossovers, and "complex" when such is made. Only multisurface data
(class 8) are run in the complex mode. All other surface data requiring the
silhouette gcnerator (classes 4, 5 and 6) are run in the simnple mode.
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SURFACE GENERATOR

The Program cannotdirectly comnute factors to curved surfaces or bound-
aries such as disks, cylinders, etc. A series of line segments must be sub-
stituted for a curved line. In -eneral, the more line segments used, the more
accurate the sirulation. Because every surface noint renuires 3 coordinates
(and connecting points data, when the silhouette must be computed), prepara-
tion and entry of data for even a modest simulation of a cylinder can involve
a considerable amount of effort. The internal surface generator eliminatcs
Practically all of this effort.

The surface generator is used to create surfaces entered under data clas-
ses 3 or 6. Regular olane Polygons are created under Class 3, but no connec-
tions data are generated. A regular Piane polygon or solid surface, including
connections data, is created under a class 6 entry.

The surface generator "creates" a surface in accordance with cross section
specifications. The following information is required to create a class 3
surface:

1. Number of cross section division (sides) > 3

2. Coordinates (X, Y, Z) of center of polygon

3. X-axis Radius

4. Y-axis Radius

Because a class 6 surface may have one or more cross sections, the following

data are required:

1. Number of cross section division (sides) > 3

2. Number of cross sections

3. Coordinates (X, Y, Z) of first cross section

4. X-axis Radius of first cross section

S. Y-axis Radius of first cross section

If more than one cross section is specified, the following data are renuired
fcr each additional cross section: X-axis radius, Y-axis radius and Z-coor-
dinate. All cross sections are created parallel to the XY nla-e of the gen-
erator coordintate system, and must be specified above the XY plane. Note that
X, Y c .ardlnates are required to locate thue first cross section only. If
more than one is specified, all are oriented along the same vertical center-
line to the position specified by the respective Z coordinate.
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The basic generating element is the ellipse. Because only comnlete

iolygcns nre generated, the total angle of 2w radians about the vertical cen-

terline is divided by the number of sides snecified to yield the unit parametric

angle 4 in the equations of the ellinse:

N

X = (XR) cos €

Y = (YR) S*., 7

Instead of the conventional semi-major and semi-minor exnressions, the
terms "X-Radius" and "Y-Radius" are utilized - the larger of the two becomes

the semi-major axis as shown in Figures 6 (a), (b), and (c). When XR = YP,
the generating figure is circular and a regular nolygon of N sides results.
Notice that the generating figure always circumscribes the generated polygon.

The radius vector always starts in the same relative nosition Parallel to X-
axis and moves counterclockwise about the vertical centerline of the generated
cross section. Considerable computing time is saved by using sin (0 + B), cos
(0 + B) trigonometric formulae for computation of X, Y after unit values are
obtained by use of comnuter library functions.

Figure 6 (d) shows an eight-sided polygon elevated above the XY nlane.
Figure 6 (e) indicates the order in which Point numbers are assigned to a

solid surface. The first point is always assigned to the first coordinates
in the first cross section. Numbers are assigned in numerical se'uence ver-

tically until the last cross section is numbered, for a Particular value of 4;
the sequence is continued in similar manner with the first cross section and

the next value of 4, until all points are defined.

Point connections data are also commuted for each Point for Class 6 sur-
faces. For example, in Figure 6 (e), Points 2, 3 and IS are commuted for
point 1; points 1, 4 and 16 are commuted for noint 2, etc. This information
is used by the silhouette generator.

An example of the variety of objects which may be created by a few cards
of specifications are shown in Figure 6 (f). Thu cone vertex is generated
merely by specifying zero X-radius and Y-radius.

The internal surface generator also corn-,tes the surface area of the gen-
erated solic;, if the cross sections are similar. Because t?:', silhouette gen-

erntor analyzes the solid figure, the total surface aret. s ccmnvited. For
instance, the area of the prismatic ..ylindcr shovm in Figure 6 (cj would
include the top and bottom polygons. The surface area zomnutation analytical
development is given in Apoendix D.
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SECTION III

COMPUTER PROGRAM CONTENTS

PROGRAM DESCRIPTION

The program is written in iBM 7090 FORTRAN II source language. The source
deck consists of the Main Program and Subroutines UNIVEC, TXFRM COICU, MAP,
SILFAC and FACTOR. An input-output tape compatibility Subro,.tine written in
IBM 7090 (PAP) machine language is included. Algebraic routines required From
!iteary tape are SQRT :Squara Root), ARCTAN (Inverse tangent trigonometric
function), COS (Cosine trigonometric function), and SIN (Sine trigonometric
function), The source programs are presently dimensioned so that a 32 K core

size is iequired. NAA Library Subroutines COUNTV and TIMEV are also used by

Subroutine SILFAC when operating in the NAA 7094 system.

Main Program

The functions performed by the Main Program are as follows:

1. Reads in surface, transformation and run data.

2. Processes innut surface data and prints immediately unon completion.
Run instruction data are read in and processed one card at a time
and processed at once. No printout of the complete run instructions
is'given, as was in COF!FAC I.

3. Selects the proper data for processing accordinp to the rim instruc-

4. Examines each run instruction and calls in proper subroutiles for

processing.

S. Prints diagnostic error indications when possible.

6. Prints standard or detailed output as indicated by run instructions.

Subroutine INIVEC

This subroutine computes the components of a unit orientation vector
normal to the reference plane formed by the first, stcond and last point in

surface data classes 1, 3, 4 and plane 6. The cross product of vectors 1-2

and 1-last is computed and normalized. The vector is formad normal to point
1, and is located on the active side of the surface, thus orienting the sur-
face.

It also computes a new fourth point normal to the new three points sub-
mitted in transformation data and an old fourth point normal to the old

three points in the surface data to be ,:rjnsformed.
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Subroutine TXFRH

The first section performs the auxiliary transformation. This trans-
formation is used to reconstruct a surface which is bisected by the 3econd
surface. It also tests Surfac, 1 to determine if the reference Plane is sub-
stantially in the XY Plane of its coordinate system. if it is not, an aux-
iliary transformation is effected to move the surfaces to fulfill this re-
quirement Prior to computation of silhouettes or factors.

This sutbrolutne aso norfors a primary transformation as indicated by
r,. instructions and transformation data. 'This transformation, if indicated
for a surface, is accomplished i)rior to entry to subroutine DOICU so that tests
of the surface "view" of each other occur in their transformed nosition(s).

Subroutine DOICU

Tie function of this subroutine is conveyed literally by its name DO-I-
C-U. Given surfaces Al and A2 with the "active" side of each surface identi-
fied by the surface orientation unit vector, the question is asked; Is all,
part, or none of surface Al "seen" by A2? Conversely, does A2 see all, none,
or part of Al? This is accomlished by comuting the vector dot nroduct form-
ed by the unit vector in one surface with the vector formed by noint 1 in the
first surface and each Point in the other surface (See Figure 7). The sign of
the dot Product indicates whether the angle between the vectors is less than
or greater than 90, which reveals the position of the noint relative to the
-1ne f the ..- g osurface. it Figure 7 (a) the dot Products from surface
Al to A2 are all positive, and conversely, all from A2 to Al arc likewise nos-
itive: Al sees all of A2; A2 Sees all of Al. However, in Figure 7 (b) all
dot Products from A2 to Al are Positive, but all from Al to A2 are ,.eatie.
Hence, in general, if all dot nroducts from one surface to another are all
negative, then the surfaces do not see each other, even though the converse
products may be positive. There is also the trivial case where all nroducts
are zero, in which case the surfaces are in the same plane, and obviously
again cannot see each other.

Figure 7 (c) shows a surface A2 'bisecting surface Al. In this case,
some of the dot products from A2 and Al are nositie and some negative. In
Figure 7 (d) both Al and A2 are bisected. Nonnlanar surface A3 was added to
show how it would be bisected by Al. Surface A3 has no orientation vector and
thus no test is made of the vie-; from this surface. The vertical dashed line
in A2 represents how the plane 1-2-5-6 in A3 might bisect A2. DOICU will not
detect this condition. If the configuration factor, r2 were required, DOICU
would properly bisect A3. However, if the factor to Re concave side onlv is
desired, an error would result because part of A2 sees the convex side of A3.
This represents one of the limitations of CONFAC I .hich is caiied over to
CONFPC I.

If a surface is bisected, DOICU reconstructs the surface data to exclude
tite area not seen by the other surface. If Point I in the original sirface is
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removed as a result, a new orientation vector is cretted over the new noint I
as shown in Figure 7 (c). Notice that in reconstructing A3 [Figure 7 (d)],
DOICU c:'eated the new array 1, 2, 3, 4', 5' . This "surface" is identical to
the actual surface seen by Al insofar as factor computation from Al is con-
cerned.

The bisection of a surface is done in a simple manner, with the aid of
the auxiliary transformation canability. For example, in Figure 7 (c), the
coordinates of both surfaces are transformed so that A2 lies in the XY Plane
of the auxiliary (nrimed) coordinate system. Each Point in Al is tested, in
n.aorical order, urtil a change in the sign of the Z-cooi,ijat occurs. The
c9ordinates of,tie new Points where the transition line segment crosses the
X Y' plane (Z = 0) are obtained by comnuting X and Y intercents of traces
Projectzd on X Z', Y' Z' principal Planes.

Subroutine MAP

The double integral in Equation (9) and its numerical counterpart in
Equation (10) mathematically represent the volume under a -urface defined by
the configuration factor 0l2 = f(X,Y). Subroutine MAP decides the location
(X,Y) from which each factor to Surface 2 will be computed.

It is assumed that Surface 1, being classed as a plane, is a nlane sur-
face throughout. The program insures only that the reference Plane of Surface
I is in the XY nlane of the final coordinate system. AP will usr the X,Y
coordinates of all points, and aqsures a value of 0 for all Z coa-.inates.
This nrocedure cannot properly map a nonnlancr zurface.

Subroutine MAP determines the maximum Y coordinate and the minimum Y co-
ordinate from among the points defining Surface 1 (Figure 8). The total ver-
tical distance between Ymax and Ymin is divided into equal vertical increments,
as snecified by the run instructions. Then, horizontal lines are scribed
across (paralJel to X-axis) the surface at each vertical increment no::ition,
including Ymax and Y.it. The Point at wich "- horizontal line intersects the
left (toward the negative X direction) bou-idary of Surface I is termed "X-
left" and the intersection on the right, "X-right". Each horizontal line seg-
ment thus created is termed a "mapping line". Each mapping line segment is
also divided into an equal number of increments as specified by the run instruc-
tions. All mapning lines are divided into the same number of increments, not
necessarily the same size of increment. Obviously,7if Surface 1 converges to
n point instead of a lh- at Y or Y . , the horizontal increment is 0. A
configuration factor is ccniputmxat eamchIncrement Point along a maning line,
including X-left and X-right, which means the number of factors ner line is
one greater than the number of increments,

The niver of increments is autonatically cet to 24 hrizontal ::Id 24
vertical, but can be separately snecifi d by input data to 3, 6, 18, 24, 30,
36, 42, 48, 54, or 60. The details are discussed in Section IV.
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A typical example of Sarface 1 maoning using a standard (24 x 24) incre-
ment is shown in Figure 8 (c). The manning area is also comnuted by Subroutine
1P, it is the su- of the rectanpular areas formed by each manoing line. A
measure of form factor accuracy is the degree with whic:, tO manaing area
apnroxanates the actual surface area.

Figure 8 (a) illustrates a Surface 1 oriertatian which cannot be sat'-

yactorsly mapned because the crosshatched area is ignored. The program does
not detect moe than one left and one right intersection between a mampng

1 e and the suiace t -- , : , therefore, "'t 3 is ignore.. 'he sasc surfact
rotated suffscrset'y may be acceptable, however, clearing this restriction, as
shown in Figure I().

Subroutine SILFAC

This subroutine computes the silhouette of Surface 2 which appears from

the points selected on Surface I by Subroutine M1LP, and then computes the
confiluratson factor from this silhouette. After all configuration factors
have been determined, the fonr- factor is computed by numerical integration.

Surface data entered as Class 4, 5, 6, 7 or 8 is processed by SILFAC.

Class 7 data, a sphere, is processed in this routine, but the silhouette
generator is not utilized; a closed form solution is usen instead (see
Appendix E).

Classes 4, 5 and 6 are processed b the silhouette generator in the

simple' mode;, only those noints given in connections data are analyzed to

select the next point on the silhouette. Surfaces such - lanes, cylinders,
paralleloepids, etc. may be processed in the simple mode.

Class 8, a multisurface, is the only class processed in the complex

mode. One or more (limitations on data are given at the end of this section

and an Section IV) surfaces may be processed as a multisurface. Processinp
in the comlex mode is complicated because the computer must test all line

segments in all surfaces (including the surface in which the segment appears)
in order to select the next point forming the silhouette, or to compute the

next osnt on the silhouette. iis analysis is further complicated by ambi-

guities :osultseg from normal imprecision in input data and internal arithmotac

roundoff, necessitating the use of numerous time consuming tolerance tests.

Consequently, a factor eomputation in the complex mode takes consderahly
longer than the simple mode

If a surface is processed as simple when it should be cmnle , a
wrong silhouette will be computed whenever a rossover (an intersection of
two lire seruts) occurs. The configuration factor ccr,,,uted from that sil-
bouc'te will be srong.

It is possible to detect certain hinds of trouble in the silhouette gen-

erator from the detailed silhouette output which lists the oants forining the
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sathouette. Normally, the sillmette will start at the lowest leftmost feint
in the Z-unity nlane mersnectv develoend for tnoe noted nont an Surface 1,
and move nrotressivelv from noint to moint in a counterclacwase manner, keen-
ang the nersnective area to the left. hhen a crossover occurs, the moist
is commuted and assined the ne t jnihest number in the silhouette array. For
cas",nl, fron roint ,n,, 1- irure 5,, the silhouette derived in the cn-lex
mode would amear in the detailed silhouette outnut as "Line No., Point No,
1',' 2' (t 6' Ss' 8 10'' 4,' 1." lowever, if this rohlen were run as simole
(both surfaces entered topether as Class 4) instead, Surface SI would be
i,.-red beca~ae ' irsoa- at saint 9 wo,ild not be connuted. The sil-
houtte would anear normal. but actually he wronp, as follauvs

Line No., Point Na ., 1, 2, 3' 4, l'

A bad silhouette can sometines be detected bv the nresence of internal "loon-
inp". Nornallv, a silhouette is comleted hv a return to the startiny mint.
ut, if, for some reason, a wrong ath is chosen, it may loon a ol,on withis
the nersnective. Loonino is characterized b the remeated ame-nce nC the
same sequence of numbers. No internal mttern reconoition is attemnted, the
only detection i, visual examination of the detailed ontmut.

The coordinates of the 'lhouette on the Z = I nlane are used directlv
for factor comutation instead of the actual saints on the surface in snace,
Because the Z - coordinate of earh m nt in 1, the confieuration factor eoua-
tions for this snecial case can be simnlified, and coanutinp tine reduced.
SILPAC, tieiefue, contaxos its own eouaton for confapurataon factor o'Duta-
tlion and numerical inteyration across Surface 1. The inteeratiOn arocess is
similar to th' nrocedure given in Subroutine fACTOR. Subroutine FACTOP has
been rataared from C(A)-C I f-r fact'r ce"rutato' "ot ,,tili - te 's5

1
ouette

Penerator,

Subroutine FACTOR

This subroutine computes configuration factors from each mint on Sr cc I
selected by MAP to Surface 2. The exchange coefficient is cowputed by numerical
integration of configuration factors across Surface 1, from which the form fac-
tor is finally derived as the area-weighte, mean of all configuration factors.

Factors are commuted for eah saint alonp each mamnine line, mevine from
X-loft to X-,ight, b translaton the orign of th Surface 2 coardinate sys-
tem on X. The anal>ysis and equations are organizcd for minimum commutattonal
time;, constants at each loon level are comnated once ersor to loon entr. Re-
cause the usual output desired is only the form factor, confipuration P.cto s
ner se are not comuted unless a detailed out"', is renuested. 0 numerical
4
stcgration of eomuted mint function with resnect to XS is neormea bfore
oroccedint to the next line. After all horizonal inteorit ns are ci "oleted,
these erndacts are inte;'rated with rns.,t to Y, and divtded by the iam fle
area comnuted in subroutine MAP,
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A standard 24 X 24 grid results in 625 configur-tion factors to be :on-
outed. The ouestion n,trallv arises as to whether this map,, configuration

factors are actually required. If the configuration factor changes veiv
little across Surface I, then it is probablv too mans; but if there are shin

changes in the factor, and third slace accuracy is desired, then it is prob-
ably sufficient. Contrary to off-hand expectations, a more sophisticated

integration rule such as Sampson's or Weddle's is not as accurate as the
trapezoidal rule for standard incre-ees if the factor function slope chanies
rapidlv. Waddle's rule was initially used which explains why the srogran
increment control is in grouns of six (except the initial 3 which is not in
ONFAC I). it the Zu:, arzes smoothl,, . 6 x 6 neddle's rule integratior

(49 factors) -s rrabablv as Lccurate as the standard 625 factors Presently
used by the trapzoidal rule. Ile time saved is anoreciable when runninp

manv factors., If desired. Weddle's rule may be inserted in the source deck
and ropnilcd .,th no other charges required.

The form factor comnuted by the above is from that Part of Surface I which
"sees" Surface 2. If Surfaco I is bisected, then the computed factor must be

reduced in proportion to the area reduction., This is required because the
total active side of Surface 1 entered in data is considered the radiant sur-
face,

tENERAL RULES AND RESTRICTIONS

The following general rules and restrictions must be observed for normal

nrogra,, -ration'

1. A,! 3 ta sust be derived from rigotn-nandea rectangular coordinate sys-

tems.

Points 1, 2 and the last goint in Plane surface innut data (Class I

and 4) must not form a straight line in smace.

3. The activ. side of a plane or nonslanar suaface is esiablished by en-

tering the boundary nonts in counterclockwise order, as tlav appear
when facing the active side.

4. If the factor to a Class 2 (nonnlanar) surface is requsid, onlv the
active surfaces should be seen from any point on Surface ;, aed they
must also be seen from every Point on Surface 1.

S. All surfaces used as Surface 2 which utilizes the silhouette generator

(Classes 5, 6, 8, or 4 if included In Class 8) mist asnear sbove the
plane of Surface 1, i.e., all Z - coordinates must be noizero and
Positive, prior to factor computation.

6. A r-.mar) transformation of Class 8 data is not permitted. Als, no

auxiliary transformation is permitted; Surface 1 ust .)e in tle XY
pI.p. of the Maltisurface coordinate system as enterei in data.

7. Detailed restrictions and limititions upon ii nit data are given in
Section IV.
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srCTIOw IV

INPbW DATA

DATA SPECIFICATIONS AND SPECIFIC RESTRICTIONS

Inut data consists of externally co.nuted surface data, snecifications
for internallv created surfaces, transfonation data and run instructions
%:,ctor requests). Ul.s -tio and connents c,,rdS ma, h e,,t--ed as rcquored.

Data tyoc is classified by the use of an interer fron I to 9 nlaced in
coifn : of the data nane card, followed by a I to S FORTRAN character name
to provide data idctity within each class. The classes of data are described
below.

rlns I - Plane Polygon

The X, Y, and Z coordinates of each ooint defining the surface boundary
are required. Only one side of a sinple lane surface can be nado active
i.e., mav interchange radiant flux with another surface. The active side is
established in the following manner: Face or look at the desired active side,
and select oafy oint on the surface boundary as noint number one. Proceeding
in a counterclockwise direction about the boundary of the surface, select the
remainon noonts in sequence. If this rule is followed, the surface will al-
ways be on the left when -oving along the boundary.

Thc X, Y, and Z coordinate., of cash roint are entered on the data cards
in the above seoucnce, and each soint is numbered internally according to its
sosition x the data.

It is assumed that a Class 1 surface is a lane surface. No internal
check is nade to verify this (in contrast to CONFAC I). If a substantially
nonnlanar surface is classed as a nlane surface, serious errors in manning
could result if used as Surface I, or wrone factors cormouted if used as Sur-
face 2.

No noint connections data are entered under Class I; the silhouette pcner-
ator is not used.

Class 2 - Nonplanar SurfasC

Two or more clane surfaces, not in the same lane, adjoining or connect-
ed, and entered as one nackage is terned a nonlanar surface

A Class 2 surface can be used as i Surface 2 if the side of c-.ch facet
slected as the active side, and only tho se sides. are seen from everywhere
on the active side of Surface 1. The counterclockwise order of data
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entry establishing the active sxie is also required as in Class 1, hut no
orientation vector is generated.

No connection data is req~tired because the silhouette generatox is not
used.

Class 3 - Internally Generated Plane Polypon, No Connection% Data

The interna! surface generator will connute the coordinates of each Point
ic."oing a Planes na u,.niillei to the 'tY -lane, uith an r. entntses vector
erected ever Peint 1 and directed to.4ard the +Z axis. A detailed descri,,tion
of the internal surface generator is given in Section II.

The data roquired for a Class 3 surface as:

No. of aides, 3 -,N 100

X - Axis Radius

Y - Axis Padius

X, Y. and Z coordinates to center of colvpon

A Class 3 surface is used in the same canner as a Class 1 surface. The
sane rules and restrictions anndy.

Clans 4 - Plane Polyon with Connections Data and Class S - Nonlanar Polygon
or Solid Sor ace "Iit (,onctF n na

A Class 4 surface is actually a Class I surface with connections data
added making it possible for it to b~e Procensed with the silhouette venerator.
Bat, in general, no useful curoose is vained by the use of th.'silhectte 'tea-
orator to Process a Plane surface, unless combined with othee surfaces. There-
fore, a Clans 4 surfeace is crocesscd as a Class I surface, unless it is listed
uinder a Class 3 entry.

A Class S surface is always Processed an the sic'ale node b%, SUlPAC unless
listed under % Class 8 entry.

A naximum of 100 boundary Points ray he entered descrilbln' a Class 4 or
S surface. UPn to 4 connec-ang sahqts for each lbeoidary Point may bc eatered.
If more than four connecting Points are required, one itay enter more boundarv
data qaints having the sane coordinates end cenniccting to eadh othc.:, vtinq
the suepluc (3) connections; to satisfy the additio"Al connctionn reouiroenet.

14,evr f ro than two such identical boundary colnt, are- used. the surface
cannot be Processed in the sinsle nodcThis; restrictirsn In rast nrictical
situations can lie circumvented hy scs)arntlnj the Points slirlhtlv with little
effect on the fical fern factor coiutnd. If this cannot he done, the surface
mist be listed tinder r Class 8 nano and Processed in the ctmrcncode.
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Class 6 - Internally Cenerated Polyeon or Polyhedron, Includin, Connections
Data

A detailed description of the internal surface pcneraor is psven in
Section 11. A class 6 surface is always processed by SILFAC - in the simple
mode if used directly, and complex if listed under Class S. The data re-
quired to create a Class 6 surface arc:

1. No. of cress section,

2. No. of cross sections dxvisious (sides)

Coordinates and generatinp rodii of first cross section.

4. Z-coordinate and Feneratinr radii of additional cross sections,
if any.

Attention is directed to general restrictions 4 ad S in Section Ill.

Class 7 - Sphere

The radius and the X, Y, and Z coordinates of the sphere are reouired. A
primary transformation of a sphere is nointless and therefore not permitted.
Arbitrary orientation of both Surface I and snhere is allowed. One neculiar-
ity exists which differs fror the usual tretment of bisected surfaces. If
the plane of Surface I bisects the snhere, the area of the spherical surface
abo'c the horizon of Surface 1 will be cormuted. Now the sphere cannot
bisect Surface I in the usual sense, hut it is possible a bisected sphere
eav be partly or totally inside the boundaries o

0 
Surface I - embedded in

the surface. In this case, the propram will merely assirn a zero for the con-
fig'iration factor when the viewpoint from Suracc I is inside the snhere. This
zero willbe inteprated as usual with the other factors connuted alon, each man.
ninp line. No computation of the Surface I area sleinp the sphere is rde,
however, even though part of Surface I is not seen bv the spherc.

Class 8 -lultisurface

A Multisurface consists of from one to eleven Class 4. 5, or 6 surfaces.
A Class 8 surfece, and (,nly a Class 8 surface, is processed sn the coplex
mode. The only data entry necessary to indicate the surfaces which comprise
a Multisurface are the names assigned cach surface.

Class 9 - Transformation Data

Transformation Datv consists of the coordinates of three points in a sur-
face, not in a stralfht line, derived i.on the "new position of a ioeface
which has been poved in its coordinto system. One may, with enual validitv,
interpret the transformation to mene that the oripin of the coordinate system
is being moved to a different position, and the data are the coordinates of

:15



each noint taken from the new or1050. The three newmts selected nccd not
he chosen or entered in anv ,articular order, nor must thc same 'nints he used
if more thtan one different ,arinars' tr~nsforsation o the same surface is do-
sire :.

Run Instructions

ton instructions s~ecifa', for each factor desired, the fel) tx no-

I . rie name of 1,urracc I (emitter)

2. The nare of %wr~acc 2 (receiver)

3. Transfornitjon data case(s) farr Surecace I and/or 2, -: reauied.

4. Whether a st.odard or detailed outoalt is desired, ha' insertint, code

letter "W" for detailed entnt.

S. The horizontal andl/or vertical divisions to he used] an cannier, sur-
face a. The caine divisions whiich Pav be used are 6, 12, 18, 24,
30, 36, 42, 48, 54 and 60, bot in ens. instructions these idivisions
are sasecified, eesaectively, b, the interers 1, 2,3s,4, 5,6, 7, 8,
9 and 10. A asocial division of 7 say he secified he the intcer
II.

DIATA MPVNassON R1 'aTtlTlCS

1. A semau of 100 boundary ronts (300 coordncde-' for each iurfore
entered as Class 1, 2, 4, and S.

2. A saxisum of 100 -oncts, enuivalent to 100 sicles, venerated he
Clans 3 data.

3. ror Class 6 data, the number of sides "lis one, times tiaC nusher
of crons sections, cut not excoeed 101 if "lane, and 182 if non-
rlacar.

4. The grand total of surfaces entered or P,,nerated ha' Class 4, S
.nd 6 mu1st not exceed 11.

S. 'rte grand total of surfaces entered or penerated he Classes 1, 2,
3, 4, 5 and 6 cast not exceed 26. If A adetailedl Silhouette entrnt
in rnuested, the rraod total cost cot exceed 16.

6. The total numbere of Class 7 data mu1st oat exceed 9.

Iho total onnhaae of Class 8 dati nost not enceed 12.

8, The total numbher of Class 9 nata moot net eaceed 10.
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PROGRAII CONTROL

The nrogran deck sotus is shown in rlrurc 36. Note the "resece of a
"T" card jzsscdiatelv followinp the *DATA Card and the va,,sble format. A
"T card has a "T" in column 1, and serves two eurtcoics. Columins 2 -72 nay
contain 3ob title, nano of oroqrareir, etc. and will he mrinted in the outnut
of -nnut data sod each factor result. The "T" card also initializes data
sterate,, locations, so that new innut data cao he read in. This neaes, however,
that the old data is effectively wined out, anti is oo looger asailahle for
fe.: or commutations, 's x .. entored as melut data. It is o""iously un-
neceqsrv to use thse *'I" card us'less all available location; are used un.

Actiallv, a "!" card does not necessnarilv have to follow the variable format
unless one desires the title to ho nrintod, because the data location counters
are autonatically initialized at the start of the mropran. But subseoucat re-
initialization can ho accomnlished only by a card with a '1' in colnn I.

It aepears desirahle to have senarate identificasion of the variols fac-
tors cont-' inil a comments card has heen nrovided for that rurnose. The
comments c.-I has a "C" in colunn 1, and a corment may annear in colu'rs 2 -
72. A commects cord nay he inserted between run instruction cards, and the
line of connent given on the card will he printed helow the title on all out-
nut thereafter, unless superseded hs another comments card.

Consents output pay he entirely sursressed hv usir another connts card
ceetalninp blanks in columns 2 - 72.

POlOIST

tahAll data cay ho entered on NAA FORTRAN Fixed 10 Decimal Data sheets.
Eahline rerresents 12 card columns with sin lines ner card, nakinp a total

of 72 card coluns availnble for data entrv. Columns 73 - 80 ame used for
card identification and/or niuerical seouncine, for sortins! euroses.

Title Card

A title card is characterized hy an alshnhetlcal "1" -laced in colun.
folinuns 2 - 72 available for job identification, as shoin on Fiturn 9.

Connects Card

A commects cord is characterized hy an aOnhahetical "C" pieced in column
I. Colielns 2 - 72 arce available for run comments, as ahown on MIcure S

Surf-tc ved T-sasformatlon Data

All surface and transfornation data is preceded 1" a name card uniq~uely
identifyine. the dtim. A cane consists of six FOIRTRAN characters ( a1 connuter
'word") and always occusici the first six coluns of the wane card. The date
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FORTRAN FL, E0 10 DIGIT ECIMAL DATA

Mg, z -I.,..p~f, .c~

FIGJRE 9. "T' and ' Control Card Format
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class, an intcqcr from I to 0), mest always he elated in column 1. The rcmlin-
der of tilec ears occusics columns 2 - 6, and it Is iniortant to noto thit a
bloc). %,,ace is considered a charactor and a rart of the eame. ror eannle,
the cane ISI is not tho same as I SI or I SI.

The next ward on the nao card, columns 7 - 12 must he loft blat) . The
remainder of the came card, (columns 13 - 72) nov bece t blank or conrentq
written to further identify the data, and will bo nrined out aleer with the
namo of the surface as cart of the "Innut Data" nrint out.

The datl 10entltad W, ,c nanme card first follow thc no- card. Tbelo
-irc seven diff;pcert fornatt which meet 1,0 sdher'd to so esterinr data'.

Class 1 ,nd 2

The number of cointe ta he entered doscribinFt the surface ancars on the
first line, l'irure 10, followed hy the X, Y, and Z coordinates o each niot
in sequence. The ordor in which thc coints are selected in the surface is
exnlained iA detail in Section IV.

Class 3

The number of side% are entered en the first line, followed hv the X, Y,
aed Z coordinates; of the center of the internally rencratel miolvloe, the X.
axis radius and the v-axis raditis as shown in ricitre 1I.

Clans 4

The total number of points describing the surface aire entered on the
linst line as shown in Fiure 12. The X, Y, and Z coordinates of the first
point follow on the nest three lines. The fourth lie, renosentines 12 col-
unns,is divided into four equal Carts of 3 columns each. Each inoint in the
surface connecting to soint 1 is entered, so to a maxinem of four, The nattern
is repeated for the reeaininp soints describiop the surface,.

Clisi 6

The numhers of surface crossaection houndAry divisions (sides) in rives
on the first line en shown in Figure 13, The number of cross sections de-
siredl is spiecified on the second lie, followed by tha- X, Y, and Z coordinates
of the base (let) cross sectien. The X-axis radius of the hise cross section
is givn on the lest line of the first card. The Y-axis radius is entered en
the first line of the second card, followed hv, if moare thin one crone section
is snecified, tlhe following, reneated for each crasi section. The hcipht (Z-
coordinate) of the cress acetic,) above the XV nlnne, the X-axis radios andu
the Y-axis,
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FIGUE 10. Class 1 and 2 Surface Input Data Format
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.a± fC fI*L..t. ......... 1

* - - r , _ __ _ _... .v

FIGURE "U. Clas 3 Surface Specificationo Input Data

Formt



FORTRAN FIEDO 10 DOGIT DEAAL DATA

*US(A oCMlAI Ocan p,4

FIGURE 12. Class 4 and 5 Surface Input Data ormat
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FORTRAN * IXED I DIGIT OIWMAL DATA
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FIGURE 13. Class 6 Surface Specifications Input Data Format
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Class 7

The srherc radius -. entered on the first line, followed by thc X, Y,
and Z coordinates locati,d the center of the sphere as shown in I'rpurc 14.

Class S

The nanes of the surface (s) which ore to be entered under this clnss
are entered together en one card, without repard to order as showin in Figare
15. The card is tnualiw divided into 12 words of six colunios each. fach n,wo,
no be entered nust *-' et-.cllv in a eord-sncc 's it apears inth

word-snare on the data rame tard.

Class 9

The first pont to he transformied is entered on the eirst line, folloered
he the X, Y and Z coordinates of the "new" nesition of the noint as shown in
TuF.re 16. Thr second foint to be transformed imnediatolv follows on the
fifth line followed bv th, X-coordinatc of the new position of the second
point, thus completing t-~ first card. The Y and Z coordintes of the new
position of the se end reint are entered us, the first two lines of the second
card, followed by the number of the third peint to he transformed end its new
X, Y, and Z coordinates.

All of the norters entered in the above data mav he entered as fixed or
floatint point numbers except connections data, which most he entered as dec-
ical intepersn. If atdecirml point is prwin (fractional nursheis nest hive dee-
inal voints viven), the floatint nunber nav he located anywhere in the field
(line); if no decimial neint is riven, tbe nnumber must be located to the ex-
trope right of the field (no blanks to the ripht of the niumber).

Run Instructions

Six FORTRAN words compsrise a set of run instructions: two sets cay he
entered on one card as shown in Figure 17. The first set starts at columrn I
and the second set sarts at column 37. Two words (12 colucns) comprise one
line on the data sheet. The name of the Surface I data is entered in the
first word (columns I - 6) precisely as it appears in the first word of the
surface data nine card. The name o' the Surface 2 data is entered in the
second word (columns 8 - 12) recisoly as it annara in the first word of the
surface data nme card. If a prinarv transformation of Surface I is desired,
the desired transformatien data nine is entered in coluens I3 - 1S, otherwise,
it 1 5 left blank. If a ciaytransforationa of Surface 2 Is icsirc.d, theo
cane o f the transforsiatle n data is entered in the fourth word, celtrxs 19 -
24. If a detailed out-'ut is desired, the al-lhabetical character "ll" is entered
in cilumn 2~, or in celumns 31. If the "D" arnenrsi n aither or both locations,
a detailed output will result: If a hlanki. s in both locations, A standard net-
put will renult. 1he horicontal maraine. division "inteter" ancare in coluamn
30, wales" the esteper 10 or A, As used, in 4hich cnse columns 29 and 30 are

utilireri. The vertical mannIn, division "Intepr" anoors in colusmn 36, en-
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FIGURE 14. Class 7 Sphere Specification Input Data Format
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FOTRAN FIXED 10rDGIT DECIMAL DATA

FIGURE 15. Class 8 Mutisurface Spec1iicaton!; Input Data Format
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FORTRAN FIXED I0 DIGIT DECIMAL DATA

FIGU, 16. Class 9 Transformation Data input Dta Format
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FORTRAN FIXED 10 DIGIT DMCIMAL DATA

C .. . .. ..ft ~ . ltdE N , .

FIGURE 17. Run Instructions Input Data Format
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less the integer i0 o- II is used, in which case columns 3S and 3o arc
utilized. If columns 29 and 30 are both blar, a standard bnteper 4 neaninp
24 horizontal divisions of each nannong line is used. If 35 and 36 are both
blank, a standard vertical division of 24 will be used. The above format is
reheated in the same nanner, starting from column 37 on the fourth line, for
the second set of run instructions on the card. 'hore is no nunerical linit
to the numier of run instructbons which nav be entered. The onlv reouiremnt
is, of course, that the data called for has been loaded in under the nanes
used.



SETcrION V

PROGRAMI OMUlT

Une da i rotessed Pnd .-r-ntcd nut Prior to its use in factor con-
Putadions for proyranner verification. Tao orientation vector head end is
also printed ot for all Plone surfaces, so that the ".actave" side used ho
the program is clearly Armw. Class 3 and 6 snecifications as read ;.are

otdalooig w~th the surf'ce data gencratea nv the snecifications.

A stondarJ "uinnnun" outnut is elves when the code letter 'V does not
ipecar in the run instructions, consisting of the followinp:

1. Ron number

2, Run instructions

3. The conoted forn factor

4. The Surface 1 canning area

S. The exchaonte coefficient (fA Product)

6. The total area of Surface 1

7. If Surface I is bisected, the area seen bv Surface 2

8. The total area of Surface 2, if Surface 2 area can ha connoted

9. If Surface 2 is bisected, the area seen by Surface 1, if that area
can be connuted

10. The time in seconds scent in Subroutine SILFAC, if utilized

If a detailed outnut is requested, the ninisun outnut plus the following is

crinted:

1. The final coordinates of Surface I and Surface 2 crior to concuta-
tion of configuration factors.

2. The S-Left and X-pht coordinates for each Y division of Surface
1 mannlnj, Intluoding horizontal and vertical divisions used.

S. Eac% conficuratlon factor connoted, Vie otnut is '"'eln in croons
of factor; easily identified because the last factor in a prosin
occunies, a line by itself. E, ch tress contains tan ronflr~iration
factors concuted n a canning line. The first factor in the reen
is that conpoted vot Y left ind the last factor in the prour is that

S.



crueatX-right. The first groun renrosents the first manning

4. f the silhouette gsseiator was used, the silhouette connuted for
,.its selected en each rspping line is printed out.Thfrt

nuneral riven is the manning line, the second is the roint en the
manning line, moving free X-left te X-right. The n-w-hers eullowieg
represent the silhouette.
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APPENDIX A

SAMPLE PROBLES

A number of sn-ole problems have b~co devised to illustrate thc canabil-
sties and limitations of cONPA 11. The examples are arranged roughly is
orcer of cooolexitv, lbeieolog with. simple plane surfaces and coocludieg

.I!a cnlicatei "irtcrventno surface" problem ivolviF' plano nd solid
surfaices.

The surface confipurations upon w'hich tho example problems are based are
shir io accomnviea' illustrations. Each illustration is conveniently group-
cc separately with the problem description nertljinn to the surfaces -hown
is the illustration, aloog with the input data sheets, run instructions, pro-
pran output and a short discussion.
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SAIPLE' PROBLtII CROUP A

The surfaces shion in rigure 18 are sirilar to tho examples rixven in
CNFAC I. The added CONFAC 11 canalbjlitv of bisection a nonplanar surface
is demonstrated. The data sheets are shown in Figure 19 and the results are
Presented in Figure 20.

Problem IA

In Figure 18 (Al), Vie factor between t~c floor oF iw cni roamo PIW
iod in idpacenz uail (lo'AI I i c-outed, i.sin- standard horizont'l and vertz-
cnl nassian divfions (24 X 24) on Surface 1. A detailed outcvt is rt-.icstcd.

Note that because no primary oz auxiliary transformation occurred, the
fi-I~ -..jdjnate system is the sane as the Innut data funprimed) coordinate
system. The first nanning line starts At the oripin and extends to noint I
in lFLOOS.

Problem 2A

In Figure 16 (Al), anv M~ane surface may be used as Surface 1 'irovidinq
it has been nroperly entered in data Prior to thn factor reosest. To de-
nanstrate, the wall (IWALL) now acts 7 s-lrface 1, and the factor to the
floor (IlA(NP) is requested.

Note that Surface 1901,1 is; not in the X-Y Plane of its input (unnrmeJl
coordinate system. The Program, therefore, had to Perform an ausillarv trans
formation of both surfaces to the srined A, stc-s-.z. -7'aor te fnc-, vcnea-
tion'to pet Smrfa.e 1 in the XY Plane.

Problem 3A

In rigure 18 (A2), the factor from the floor (lPLOOR) to two adjacent walls
taken together (2WALLS) is requested. This is a valid request because the
boundary data describing 2WALLS fore a valid s.ilhouette of 2WALLS from any
caint on IPLOORl. The factor should be twice that to oee wall alone.

Problem 4A

The Program cannot -.,lldly connte the factor from a nonolanar surface.
A Clans 2 surface as assumed nomlanar. Trho factor from 2NALLS. to ILOIR is
requested; in order to elicit the diagnostic, uarning the user of tnis otrter.

The Program does nut test the surface, as in CONFAI' 1. If a ronmlanar

surface is erroneously entered as a Class I surface, it 14ill not h~e reiected

if used as Surface 1 - the resnonslbility lay with the user to insure that
Surface I is mlonr.
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Problem SA

In Figure 18 (AS), the necessity for Proner order in data entre is ennha-
sized. The wall data are deliberately entered in a clockwise direction
(IALLR) looking at the active surface, instead or counterclockwise. P'ee,
the orientation vector noints in the wron% cirection. The factor from IF l'Wl
to IALLR is requested in order to elicit the diac ostic which alerts the
user to a nossible error.

Pr:'.on 6A
in Figure iS (A4), C¢tNFAC Ii Los the caability of bisectinv. a nonnlanar

(Class 2) surface. The factor from Ir1)R to 2NALLZ, is recnuested, with a
'kZaxled euto.t, to denonstrate this canablitv.

Subroutine LOICU bisected 2VALLZ at the XY rlne, and reconstructed the
surfaie by elinigting noints 2, 3, and 4, as shown, and creatnR new Points
2', 3 , 4 and S . The dashed line 2' 3' divides Surface 1 (IrLOOR) into
triangular Parts, desisnated A and B. The view of the rcconstncted 2NALLZ
from anvw'ne in a-n 2 reflects a valid silhouette in the oroner counter-
clockwise order. When reconstructed 2VALLZ is viewed fro area A, the -ornts
stll for a valid silhouette, but the order is re"ersed. This moans the
comnuted configuration factor will be to the hemisnherical snace not occunied
by 211ALLZ, and will be negative. So, subroutine FACTOR subtracts-Tis factor
from 1.0 to yield the correct factor to 2WPLLZ.
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FORTRAN FIXED IO C
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FIGURE 19. Group A Saple Probleo= Input Data Code SheatD
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FORRAN FIXED 10 DIGIT DEMNIAL DAIA

.a ... ... ... .. - nt .. 2 . a

FORTRAN FIXED 10 DIGIT IXEIUM. DATA

FIGURE 19. Group A Saoplc Problems Input GLa- Code Sheets
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___ -FORTRAN FIXED 10 DIGIT DECIMAL DATA

FIGURE 19. Group A Sample Pr~blene Input Data Code Mahe
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FgTAAN FIXED 10 CIGIT OEWIMA.. DATA
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FORTRAN FIXED 10 DIGIT DECIMAL DATA

_ _ ~ iLL _ _ _

FIGURE 19. Group A Sample Problsms Input Data Code Sheets
(continued)
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Ttoe recncteical relationships asd in this exannle are nroqentcd in rio-
ore 21. The data sheets arc shown in Pipue 22 with results in Firure 23.

Protblen lD

The usc of the surface generator and double bisection of surfaces is
dcnonstrated. The niano Surface ISATI it; entercd as usual in the data, but

Clencnina diL PIY.2. c'*05.C, b' spocii.ifo to tile sufae !nerzt-
tor. Note thlt Pc c,snecti'ms data arc crcated for a Class 31 surtm ce, but
,,oUld be if the di-I. rere named tilISX.

Ne, double bisection is easily seen in side view of iIATI and 31)1SK.
The results of toe fs ctor reosest fron IPIATI and 31)1SK is shown in Run 01
outnUt, iadicatine, the areas in each surface seen by the other. The nuember
of moints definin, 31)1St has leen reduced to 7 and reorganized because of
the bisection, as seen along the dotted line.

Problem 211

Tite converse factor, 31)1SK to IPATI, is requested as Bun #2. Because
the disk is Bow Surface 1, the final coordinate sy.ten -r. 311SK is, alipoed
so that the XY olamge is the,nlane of the disk. Point I ?hecome% the oriqin,
and line setnent 1 2' the X axis. Note that the exchange coeficicnts (fA)
arc very ncirly equal, as thee should he because of the recinrocity theorem.

Notice that the factor fron one surface to the other along the line cf
lhlsectloa is, i n reality, zero, but the outout is, in sone cases, non-nero
tough quite sealIl (10-81 order of magnitude). This is caused by atcumulated

ineornal truncation error, and is nlot sipnificant enough to warrant concern
hre. (This is not the case, however, with no-e silhouette generator con-

Problem 3B

The cartabilitv of coordinate transfornation is illustrated. Bun 03 re-
quests the factor fron IPIATI to 31)1St transfored to the position shown bv
the transformation data 1)TDISt. The oropran detected, after transformleg
311', that it bisected IPLArl. As the eutnut shamrs, the cart of IPLATI
atually manned was the tranenold indicated in the to,, view, and in the out-
ntfinal coordinate data.

Problen 41

It Is quite feasible to generate or manually enut a su,-face, teai.:fosm
th e surface to a different locotion, and then ask for thme factor between the

original surface and the transforeed surface. This is shown hy Bun #4,

where 31)1SK is used ta Surface '., and M1)St transforned by 1)T)ISt is used as



Surface 2. The output shows a bisection of 31I)SK, renoving ti c 4th boundary
point, and therefore adding a ,oint to the final 3DISK surface boundaries,
making it 9 instead of 8.

Problem SB

The factor fron the transformed disk, 3DISKMTDICK, to IPLATI is re-Itested
as Run 0%, demonstrating program flexibility in that Surface I is now tranc-
formed. The resulting exchange coefficient is very ncarle coral to Run #3,
as it should Le.
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FOTRAN FIXED 10 DIGIT DMM.A DATA

IKTRAN FIXED 10 DIGIT DECIMAL DATA

FIGURE 22. Group B Sample Problems Input Data Code Shoots
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FORTRAN FIXED I0 (OlT DCEIMAL DATA

FORTMA FIXED 10ID GI DWA NITA

FIGU 22. Group B Sample Problems Input Data Code Sheets

(continv.ed)
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SAMSI.E PROBLEH GROUP C

71o geometrical relatienshins for this sannle Problemnare shown in Figure
24. 1 c data sheets are Presentel in Finurc 25 and the results arc shown in
Figure 26.

P'roblem IC

In this nroble', a solid surface which could not 1,0 created by the snovra
c s r eneratcr is e. -ed wauaIlv aongu nith the necessar, cieTnectons

d-tni. A -,e ith~ 'cur truncated corners, narc,. 501, is ntere, in data
from a convenient location in its coordinate s,,stem, i.e., at the ortin, asI shown in r~gure 24. Only three Points were consuted and ontered as MIMEt~
traisfornation datt to nove the sur'ace to the desired Psition shown over
Surface 1, lI'LATS. The factor from MPATS to SCUREtSTCs is reojested as Run
0 1.

IThe silhouette generator was used to connute the silhuette re each
point in II'LATS, and because a detailed outnut was resensted with 6 I'orite-tnl
and 6 vertical divisions of IPIATS, 49 silhouettes were cmnuted as shown in

S Figure 26. Thie numbers following each ldentifvinp nanninv line and mar~inq
point number are the boundanry Point numibers which form the silhouette when
co nnected tog.ether. It was noqsible, since there are no crosnovers in theI silhouet te, to run this Problem in the sinnle node in SIIFPC at ereater sweed.

i ~ The manning (livisions were delUcratels set at 6 a 6 to reduce the outout.
no ennerin"entation in rewuired to deternine how nany divisions are required

to yielId the factor to the accuracy desired.I Problem 2C
[he silhouette generator requires that all Points in Surface 2 he aboveI the nlane'of Surface I when onerating in either the nicole or comnle n'ode.

A view of SCIJPI in its original nosition from MPATS clearly shows "art of
SCUSBt below the surface of IPLATS; the run is therefore rejected with a diac-
noutic indicating this cotiditipn.
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SAIIPiLi IROBLEM GROUP

The geometrical relationshin for this sanole psrohlem are nresentedl in Fiv-
uro 27. The data sheets are shown in riture 28 and the results are nresented

Iin Figure 29.
Problem, ID

The rafcrersod fit'.e, riemsre 27. shows a truncated-core-on-cvljnder and
i disk, skewed with rescet to the cylinder-cone centerline. The cylinder-
cone is created by the surface tenerater as 6CYTR, a 32-sidel solid in its
final osition in the unprimed coordinate system. The disk it also nternally
generated, but because the generator (in its nresent version) is linitej. t,
cross sections parallel to XY plane, the disk, ZJISKC, had to he transforme0
to the skewed rosition hy transformation data 9T15$KC. The results are shown
is, Figure 29. The simnie node was used for erocessing hecause no line sert-
nest crossovers are Present, which enabled the use of transformations to
construct the nrohlem. The warning note concerninl. the difference hetween
the mappint area and the actual 391SK surface area is suomlied to attract at-
tention to possihle errors in Surface I data entry of the choice of vansion.j increments. As indicated in the commsents on Problem I of Sanolc Probslem
CGroun C, the coarse increment 6 x 6 was selected to reduce o,itput. A finer
increment should nrohahly he used to insure accuracy to the third elace, ifI such is desired. It must he ennhasized that the form factor obtained in Run
11 is the factor to the solid figure, 6tYLTR, which,, of course, includes the
hases. Since the factor to -tle skin is the desired numher, it is necessnrv
to subtract the factors to the ens. The unmer end is obvously not seen
(f N0), so the factor to the hase only nust he obtained. The hase is easily
crested hy the surface generator (31115cR), hut it is crested with the orient~-
ties vector pointing toward thse .Z axis--the wronv, way. It is necessary to
turn it around hy an rinary transformation--(9TDt15). Thus, the full camail-
icy of the rrimary transformation feature is utiliced and exernliffed, shown

results of Run #2 fromi Run #1, or

fsKin " total - fhase

'f - 0.18946 - 0.9955

I~ 1. .08991

The exchante coefficient is coesuted in a simi lpr manner.
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SAMPLE PROBLEM GROU1P E

The capability of obtaining form factors to spheres in any rositien rel-
ative to Surface I is demonstrated, figure 30. Closed form configuration
factor solutions are utilized, enablin? very rapid commutations. The data

* sheets are presented in Figure 31 and the results in Pipure 32.

Problem IE

The factor from a rector-le, IPLATi, to a sphere, 7SPIII, fully above the
plane of PLATS (Case I) is remuested as Run #1. The confipuri.tion factor
solution in this case is extremely simple (see Appendix E), wihich, in addition
to the coarse mping of IPLATS, acrounts for the short comutational time.

Problem 2E

The factor from IPLATS to 7SPJJ2 is reouested. The sphere is the san, size
as 7SPil, except part or the lower half of the sphere is below, and outside
of. the surface of IPLAT8 (Case I). The results are shown as Run #2.

Problem 3E

A larger sphere, 75Pl13, Is located with cart of the ummer half of the

sphere below the surface of IPLAT8 (Case Ill). The results are shown as Run#3.

Problem 4E

The nrogram will also commute the factor to a sphere which is embedded
in Surface 1, illustrated by 7SP112 and IPLATT. However, no attempt is made
to determine what cart of IPLAT7 sees the sphere, whoa a napoping point on

I Surface I amears inside the sphere, a configuration factor of zero is re-
turned and integrated along with the other commuted factors, Therefore, in
Ris #4 we se no indication that IPLAT7 is bisected by 7SPil2, althouph in
reality it is. The creblem is handled in this way because of the extreme
co plexity of the general determination of CLiA cart of Surface I not seen
by the sphnre,

Problem SE

The trivial case of the sphere comletely below Surface L is illustrated
by Run #5.
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SAIPLE PROBLEh GROUP P

The capability of computing factors to surfaces which are occluded by
intervening surfaces is demonstrated as shown ip Figure 33. The data sheets
are presented in Figure 34 and the results in Figure 35.

Problem IF

The factor from IPLAIO to IPLA9 is desired with surface IPLAII intervan-
snq. The surface SClOPLA. representing the boundary points of IPLA9 including
co. tctions, and the bo-.Jary ;,oints of IPLAII includinp c-- tons is enter-
ed in data. Because the silhouette is comlex, the surface SCOPLA must he
reentered as $COPLA Co enable the silhouette generator to operate in the com-
plex node. The factor to 8COPLA from IPLAIO is requrested as Run #1. Then,
the factor from 1PLAIO to IPLAIl is requested as Run #2. The factor from
IPLAIO to IPLA9 is merely the difference between the two,

f- 0.26787 - 0.20146

f . 0.06641

Problem 2F

This problem also xll6strate sthe capability of determining factors to
occluded surfaces, but data is entered and handled in a different manner.
The factor from IPLAIO to 6PIPE2 i desired, taking into account the flux
interceoted by SPIPEI.

The coordinates definiiiig6PIPE2 are internally generated. SPIPEI is en-
tered manually, and the two surfaces are combined for complex processing as
820FD1.

Notice that SPIPEI includes a line sement--a "bridge" line--connectsn

noint 7 in SPIPEI to 6PIPfE2. If this line or any other suitably oriented
line serving the purpose were not present, then the silhouette generator
would not include 6PIPE2 in any of the silhouettes computed from points on
napping lines 6 and 7 on IPLAIO. The line does not have *o actually be in
any surface--it need only appear to intersect both surfaces in the silhouette.

The form factor to 820FDI is 0.28139 (Run 03); to SPIPEI alone is 0,21S56

(Run #4); therefore, the form factor to 6PIPE2 is the difference or 0.06583.

Problem 3F

This problem Illu%trates improper use of the Program, and i. narticular,
the s'lhouatte generator. The factor form IPLAI2 to SCOPLA is request-d as
Run #. Ncte that the data SCOPLA is in eality two surfaces. These surfaces
when viewed from IPLAIO or IPLA12 present a comlex silhouette, and therefore,
must be processed in the coelex mode. However, when a class 4, S or 6
surface is specified as Surface 2, the simple mode is always used. The

167



silhouette generator conseauently saw onlv IPLAIl soT~etimes and only IPLA9
sometimes; this condition would not bn elce by use of a bridge line, be-
cause the, total silhouette is conplex, tu~d . pst be nrocessed as coenlex.

Problem 01

w~hen a class 8 suraec is used P5, Surface 2 * Surface I must be in the XY
plane of the Surface 2 coordinate SYstem, with its orientatin vector nontisg
toward the -Z axis. Theizu~s Run #6 show the diapeostic resultirg frem
a request for the fsctor from IPLA12 to SCOPLA.
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Figure 14. Group F Sample Frcbl=m Input Data Code Sheets
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PROG tAI D)rCK SFTIIP, LI.SINOS, ANII MIAPS

adThe nro ran deck arranpement shown in Fipure 36 contains a nain nropram
and six subnroprams whie", are listed in this annendix. A listing of the nain
nrogran, 7J360, is shown in Figure 37 followed by a man of the cnrc store
'.cations in Figure 3.

The first suborogram in the deck setun is subroutin UNI\'EC ehich is
shomn in ripure 39 and the nan of core storave in Fiure 40. The transfor.a-
tion subroutini, TVM-JI, is nresented in Figure 41 and the nan of core slorare

in rioure 42. The listing and -an of subroutine PMICU is nresented in rigures
43 and 44. The listing and man of subroutine HAP, is nrescnted in Fture 45

4 and 46. Thc listing if :-e subroutine FPCTOR is nresented in Figure 47 and
the nan of . -- -nrave ip Figure 48. Fibroutine SiLFAC Istin,

. 
and core

storage is 2 ure SI shess the variable formats
used bv thi

This IBM FORTPM' I1 nrogr.m uses two input-outmut statements which nust
be nodified for computing systens other than the NAA flonitor, PIl III, system.
There are

VREAl) N, List

PRINT N, List

A convenient PAP assenbled rrogran is included which will convert the
READ-PPINT statenent to,

I REAl) INPUT TAPE S, N, List

IRITE OUTPUT TAPE. 6, N, List

This i,,senbly is listed in Figure 52. The convert to any other connutinp
system using nerinheral enuinnent and not using the sre tane designatIons,
the last three LOtU cards are sinnly changed to read

tIN LOlU A (Innut statement tane numher)

IIOT EOU B (Outsut statement tane nutnbhe)

SIPJII Er(I C (Punch statement tact ns,.-r)

For comutint, centers using attached nrinting equinent, the rAP assembly
can he removed and the oropr.'. will execute in that system.
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APPFMIH C

COMDD!ATE TAN3FRMATION

PMDARY TRANSFORM4ATION

As indicated in Section UI, the surface coordinate tranoformation
technique employed by the ;ogres does no'. require transformation para-
meters such as directioni cosineS, Euler angles and translation terms to be
.. tereo as L-npzzz da:ta ... nv Program ror ctuarsiorzation prVoses. Instead,
the x, y and z coordinates of three points, not in a line, ati given from
the naw origin or to the new position of the surface. These data are
then used to derive the rotatiornal and translation terms required to trar.&
form toe remainirZ carface data to the new zriein or surface position.

The classical equations lor transformation of rectangula cooriates
in space are employed for both primary and auiliary trantformaziton. The
new x, y and -- coordinates in terms of the old coordinates are:

x " x'cos *1 + ytcos c4 + z'cob o3 + H W1

y - x'cos 01 + ycos 02 + zecos 03 + L (2)

z - x'cos V,+ 7'cos y2, + 2'cos + IC(3)

Note that there are 9 unknown direction cosines and 3 translation terms, or
a total of 12 unknowns. It, is clear that the coorinateis of four points
from the new origin are required if these equations are to be used directly'
to determine the unknown parameters.

it can b shown, however, that the coordinates of three points (not
ia-line) ar ufcetadnecescary tofxteposition of a surface

in azn' rectangular coordinate system. It appears, therefore, that another
point must be made available for colution of the above equations, or
another technique developed which directly requires only three points.
Investigation of the latter yielded a complex, difficult to program, solu-
tion. On the other hand, solution of the classical equations is straight-
forward, but requires the extra point (not in the plane of the other
three). Rather than require the uder to supply the extra point in data,
it was decided to generate the point as % unit normal vector above the
second point given in transformation data. This extra point must, of
c ourse, be generated in both old and now coordInate systers.

Fi~f=C 53 depicts a primary transformation or Surface A from the old
* (primed,~ to tnc now (unpried) coordinate systam'. Note tOit the pr'nary'

tranwfonoation shown affects only one uirfitce, wherear) both slirfacot ftre
involved in ti.. a-0 Uryc trtnf.f a-tin, i~hih id.11 bec dlzecnd in more
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detail later in this Appendix. The angles (a, 0 and Y) shown in Equations
1, 2 and 3 are related in the following manner with the primed and unprimed
coordinate axes shown in Figure 53:

o1 LVX'OX, o - Z'Y'OX, a3 ' ZO'ZIOX

$1 QO'X'Oy, 02 = ZO'Y'"o, 03 -ZO-Z-

y =Z bX'oz, v2 -ZOIY'OZ, Y3 -ZO'Z'OZ

Given the coor natt_- of points 2, 5 nnd 6 in Surfae A, end tne gen-
rated point U, Irom bnth the old and new coordL-ate syitezv., we may write

four independent equations similar to Equation 1. Using Eqation 1, the
resulting set of equations in x is:

x2 - Y cos & + 3~ coso&2 + zI cc$ 3 + 11 (4)

X5mX'coo Ico 2+z'csa (5)

X 6 5~+~so2 Z~cO0 3 +H(6)

xU coq a.+ 7cos o2 + zcoo a, HI (7)

'4e may similarly write two morA sets of equations in y and z similar to
Equations 2 and 3, for a total of twelve independent equations. Each set
of four slmultansous equations is solved by Cramer's Rule (Reference 2)
for the unknown direction cosines relating the old y' and z' axes to the
new x, y and z axes.

For example, using the set developed above for Equation 1 (Equations
4, 5, 6 and 7), the coefficient determinant D is

x' 7' z2 1
D 5 75 (8)

Ey Cramer's Rule, we successively replace the elements in each colun of
the set with the respectiro element on the left of each equation in ths
set. For example, the solution for coc o2 is:
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5 (9)
1 X6 z6 1

Cos -,2 Xz'

a..4 similary,

x, y5' x5  (10)

jXU 7. x

CO 3 n

The above process is repeated for the solution of cos 8 , cos 
cos Y2 arnd cos Y30' using the sets developed for y and z. Tie coeff cien4
determinant is the sa Zo U sers, because the coefficients of the un-
knowns in al. sets are identical.

To increase computational efficiency, repeatW factors in the expanded
determinants are computed only once for each set. Alzo, considerable econ-
ov' results in computing the unknown direction cosinee cos ol, cos 81, cos 1,
as the cross product of the corresponding direction cosines of the other
(y and z) axes:

coS 0 - COS 02 cos Y3 - cos Y2 co 0 (11)

cos 0. - cos Y2 cos o3 - cos "2 cos Y3  (12)

cos 0 - cos &2 cos 03 - cos 02 co C, (13)

The translation components H, L and K are computed by cuhntitutlr- the co-
ordinates,of the point below point U in the surface to be transformed into
Equations 1, 2 and 3, along with the known vlues of direction cosines.
For the Surface A 3hc-.- in Figure 53, using point 5,

It -X5 - -c Cos a, -.7, cog (2 - zi cof Y3  (14)

L -y5 -x5 cos 01 --., co- 0 - 2' Co 3 (15)

- ,5 - Xcos A - Y c os 'Y2 - S, cog ;o (16)
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The program now transforms all point coordinates in Surface A from the old
to the new system by direct substitution in Equations 1, 2 and 3.

The method outlined above will always perform the transformation de-
sired, providing the three points selected are (1) sufficiently separated
in space, (2) accurately coLputed, and (3) do not form a straight line in
space. Beenuse the fourth point U is a oyo comttd outside the plane of
the other three, the coefficient determinant D can never be 0. Hence, by
Cramer's Rule, a unique solution must always exist.

AUXILIARY TZA1.$FOBMATiON

An auxiliary transformation transforms the coordinates of both sur-
faces into the reference plane of a specified surface--the "Control" an-
face. In Figure 53, Surface A is the control surface; the auxiliary tans-
formation depicted transforms both Surface A and B from the unprimed (old)
ystem to the double-primed (new) system. In general, the origin 0" in

the control s-r-face '.s always point 1 in the 6ontrol surface coordinate
array. It may not always be the first point entered in input surface data;
if a bisection of the surface occurs and the original point 1 is not seen
L., Lhe Lhor (.a ur&. planar), then a new point I will be compuwed.
The new point will be used as the origin 0". The same processing occurs
for internally generated surfaces. Only surfaces classed as plane sur-
faces may be control surfaces, i.e., Classes 1, 3, 4 and planar 6. For
example, if both Surface A and B in Figure 53 are plane and bisect each
other, L avxLliary transformations would occur to facilitate surface re-
construction. Actually, if Surface A were entered as Surface 1, the first
auxiliary transformation to occur would be to point 1 in Surface B, rather
than Surface A. TMis would not occur, howover, if Surface A were =o bi-
rected by Surface B. In an case, the last transformation always is to
point 1 in Surface 1, so that mapping and factor computation may proceed
forthwith.

The processing of an auxiliary transformation differs from the primary
transformation because unknowns may be more readily computed from available
data. Lquations 1, 2 and 3 are rewritten for the acnliary old and new co-
ordinate systems,

x"- x cos a, + y c:'of4 I z cos 0r + H" (17)

y" - x cos 81 
+  

cos 02 + z cos 3 + L" (18)

z" - x cos Y1 
+ 
y o0y 2 + z cos Y3 

+
" (19)

The'nigls re defined as follows, referring to Figure 53:

01 - IeXOX"-, a2 ZOO"X", a3 - Ie2o0'"

03 .LC "Y", B2  ZOYO", B3 -ZOZO"Y"

.l -X0"Z", Y2 -/OYO"Z" V3 -ZO"Z'
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Because the 0X" a7-s in the new system is directed alonr the line segment
formed by the first and second point in the control surface, the direction
cosines related to that axis are readily competed.

The length of line 2 in Surface A is

Is- ,
)2 

. (y2 - YI
)2 

+ (z2 - zl
)
I,

and the direction cosines relating the new O"X" axie to the old OX, Of and
OZ axes are:

Cos ol = (x2 - xl)/L812 (20)

ces 02 - (Y2 - yl)/LS12 (21)

COS 0-, =(2 - z)/IlS3. (22)

Boccuce th, new O"Z' axis is directed along tee surface unit orientation -ie-
tor (point 0 Pbove Surface A) the cosines relating that axis to the old
OX, OY and OZ axes are

cos Y - 7, -X (23)

cos 2 -y 0 -y 1  (24)

eOe Y3 " So - 1 (25)

The remaining direction cosines are computed by cross products of the X"
ard Z axis unit base vectors (direction cosines).

COS 0 -CS Y2 COS C1- C03 2 COSY3 (26)

co 02 - COS l cos 3 - coo g1 cos 03 27)

cOs 0, - cos NJ cos a2 - cos q cos Y2 (28)

he urknown translation terms are determined from Equations 17, 18 ar- 19
for Point 1 in Sursee A (xi -0, yj -0, sj.. 0).

H"- , cos C, - 1 o3 02 -Zl Cos C3 (29)

L" - - x, cos 01 - yj coS 2 -sz coS, 3 (30)

T.e progvcz now transforms all coordinates in Surface A aM4 Surfare ft to
th6 new system by using Equations 17. 18 and 19.
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APPIDL( D

COXPUTATION OF SUWACE ARtLA OF 2HRMALLY GOWtTED SUR2FACES

In Figure 54, View J-J shows a view of the surface or a right elliptical
cone between the two arbitrary rxoss-sections indicated in the isometric
sketch of the cone. Because the program internal surface generator uses
the elliptical oross-sotion as the basic generating element, elemental
a-, tace areas su-. as Af4s A'rD in Figure 54 are trapezoids having, in
general, unequal nonparallel sides. Also, because Pach elmental surface
is developed by- equsl ellipticai _ndanrgj angles, one need compute the
area of nsly one elemental surface for' each pair of cross-sections
(providing, of course, the cross-sections are similar).

The plane area of trapezoid ABCD is

AT h (I + (1)

land 12 are readily computed from the X, Y coordinates of points A, B,
C andD;

'-1 -/ X0  A) + (Y0 - YA) (2)

1 (XD - _E + B ( )2- (3)

The trapezoid height h is computed inirectly' from the projected area Ap of
the trapezoid on the .(Y plane in the following manner:

h .] 
4

+2(4)

whr h - the projected le.ngth of trapezoid height h, and Z is the die-
tane; tween cross-sections.

the projected area of AfrCD is:

A, - Jhp (LJ + L2

Solving for hpin Equation 5:

h- (L. - to

The are~ is comyuted frce the trapezoid (X,.T) coordinates in the fO
!oig er:



\
RIGHT LZ IPMCA L.
CON6. - ==-

0

Yx

V/EW J-j
Figure 54. Surface Area Gemetry of Internally Gevc-ftted Polvheira
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Noting triangles 13D and AOC

A - Area BOD - Area WC (7)

It is desirable for computational efficiency to corpute An using kn no para-
neters. In this case, sin 8 .s Inown and is used. The phrametric equitions
of the ellipse are:

xacos e

y b sin e (9)

where a is the san-major P---, b is the semi-ainor axis and a is the para-
metric %ngle. In Figure 54, angle 01 defines points A and B and angle 82
defines paints C and D. Angle - 02 - 0j.

The area of triangle AOC can be computod by vector cross prcducts,

AAOC - i (XAYC - XCvA) (10)

From Equations 8 and 9 for the parametric angles 01 and 82 defining points
A and C,

X 'al CS 0, YA-bl sin 01 (11)

X0al 00S 2 , Y -blSin 02  (12)

Substituting Equations 11 and 12 in Ecqation 10,

AAC " alb1 (co 01 sin 02 - cos 02 sin 0)

AAOC albl sin (2 - 1)

AAOC  -lb1  sin 8 (13)

A similr derivation is developed to obtain the area of triangle BOD.

A OD a2 b sin 0 (14)

StuiotUng Equations 13 and 14 in Equation 7,

Ap- sin (;2 -b lb) (15)

* Substituting Equation 15 Into Equation 6,

I I
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Substituting Equation 16 into 4,atin 2,

2
,- + ,- (17)

Finally, substituting Equation 17 into Equation 1,

2 V L L-+ T J
Rearranging t erms,

0T su (.2b, _ lbl)j2 + [Z (I, + L2)] 2 
(,S)

The total surface area is coaputed by repeated evaluation of Equation 18
for the particular surface generated.
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APPENDX B

DMIVATION CF CCNFIGURATION FACTM TO A. SPMZRE

The analytic olution of the configuration factox to a sphere depands
upon the position of the sphere relative to the plane of Surface 1. This
': demonstrpted geozetrically by using the Nussel unit aph a:
orojection as slo-.n in Figure 55. Three unique solt'tions are apparent
xaom the five dlffeien sphors positions; Lb and IIla repre3tt 'limit"
values in each case. The unit sphere projections (crosshatched areas)
shown in the lower part of Figure 55 correspond respectively to sphere
positions (not to scale) depicted in the upper half. Case I results whr
the sphere is above (Ia) and/or touching (Ib) the plane of Surl.ce 1.
The locus on the Nsselt hemisphere bass is an ellipses and varies rocm a
circle (when ths spoere is vertically ove the point O to the single tan-
gency position sho-n in ro. tlen the sphere goes below the plane of Sur-
face 1, the Case 1Z locus appears, and is formed by the ellipse boardary
on the left ar-I the unit circlt boundary on the right.

The locus projected on the unit sphere surface is a circle, in every
case. The radius, b, of the circle becomes the semi-major -xis of the
projected ellipse. By similar triangles,

b P.

I D

where D - distance from center of sphere to origin of unit sphere and R is
the sphere radius. The semi-minor a71s, a, of the ellipse is the prcjec-
tion on the unit circle o b; again by similar triangles,

D b

or a-b-L-3 (2

The area of the ellipse is A -ab itP
A 0~b-n'-D (3)

'ne configuration factor for Case I is the ataa of the ellipse divided by
the area of te unit radius circle,
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el Z R (t)

The co-putation of Case nIT proceeds as follows. Pef.'rring to Figuro 56,
a detailed drawing of the upper half of the Case III b locus, the area to
be determined is Area ACB.

y

0 A,

Figure 56. Case 11Tb Detaii (,eometrv

By inspection,

AACB - AAOB - AOB - AOR (5)

Area AOB Ie a sector of the unit circle, R = .,

AAOB j R
2

e9 _ je (6)

Given h, thea distance betveen centers 0 and 01
, 

aud YC, the value of y at
the tangency point between the ellipse and the circle. the ax z1 of the
tri.nfe OCi is

2a1



The areL CO'B is an elliptical sector defined by the parametric angle 0 a,
(xc yc) the point of tangency,

-"Co, B 2

Inserting Equations 6, 7 and 8 into Equation 5,

A,,, - (0 -hye -ab) (9)

.Iie unknowns 6, h, arA p must be evaluated in terms ef ", Z a.4 D. The
tangency point x , ye, is determined as follows. The equation of #he el-
lipse when transat a a distance h in the x direction from the origin 0 is

a (10)

The equation of the unit circle is

2 +Y

At the intersection point the slopes are aq'al. Taklng the first derivative
of Equation 10,

- .-- (X_,h) qx 4 - dy =0

Rerarranging,r 1
(12

do 4 L a Y (12)

The slope at ar7 point x, y on the circle is:

dx y (13)

Equating Equations 12 nd 13.

Solving fer h, at x - x. and y -ye,

h xe(1)

Substituting Equation 14 irto Equation 10,
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X(.- ~* - -I

ef..uclr nr.d reuranging terms, and eolving aimultAn6mimcly 'With tinAltImn Al:
(-L 2 2 .2 b2

(b-) c y": o ()
2

.C 2 + Vc 2

Subtracting Eqimti,.n U. from Equation 15,

6olving for ,.

xc2 - (16)

Xc b _ (17)

Solving for yc L, Equation 1lo

Yo "- -x,' (18)

Substituting Equation 2 and 2 into Equation 17,

x c 4Z-:rl -(19)

S .hotituting Equa 44.or 1, 2 and 16 into EquaWLlc 18,

The angle 0 may be defined as

-tan-' Y-A - tan-' (1Vb ,- 3 (21)

Substitvting Equation 1 and 20 into Equation 21,

J(.12)
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The a ~!~~ r ay be dfriiied as

0 - t~n- I  _7

Subztituti.Z : Equations 1 an 20 into Equ*i'...oI k3,

V -7-: ( F 4)

Substituting Equations 1, 2 an. 19 into Rq,..tion 14,

h D2 -Z 2  R2  D2

The parameter hy, in Etation 9 is evaluatnd by =Iltiplyi.- - . r.n. 20
and 25,

h V = - - z C-"J -

hy C = D2

2_ 2
hy -D 2 _Z2

D2 r (26)

Let n 27)

arzi ~(28)

Substituting Equations2 7 and 28 into EquatP'ns 22, 24 and 26, respectively,

= ta'[ F 0] (29)

- tan- l 5 (30)

and h( c M

Final.)-, ustitute Equations 29, 30 and 31 into 9; th, a.tual. aria
projzctk oi'. the hemisphere bas' is tO'ee Area ACB arnd iz rMv.d,4d ij the
ban& are. to yield the configuation factor.
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wher' "D2 -R 2

R2 -Z/ , - zogR2 - Z<O and Z2

fr inspection of Figure 55, the projected xrea forr .e T ir the sr,,n of tie
tull.pcse c'valuated by thc Care I fo-rula ar~i the crt llz.t shaped arev. ".t ,-'.
mined by 6he Case 1II ;oimula,

00 + iI 0" Z R

In su zis.rv, referring to Figure 55,

,j Z z R
I D 3

'Ti - [(tan-' 0)- tar

71 14

-85

t

I.+


